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1. Townsend 3.1 & 3.8

Townsend 3.1

Solution:

(a) [
Â, B̂ + Ĉ

]
= Â

(
B̂ + Ĉ

)
−
(
B̂ + Ĉ

)
Â = ÂB̂ + ÂĈ − B̂Â− ĈÂ = ÂB̂ − B̂Â+ ÂĈ − ĈÂ

⇒
[
Â, B̂ + Ĉ

]
=
[
Â, B̂

]
+
[
Â, Ĉ

]
(b) [

Â, B̂Ĉ
]

= ÂB̂Ĉ − B̂ĈÂ = ÂB̂Ĉ − B̂ÂĈ + B̂ÂĈ − B̂ĈÂ =
(
ÂB̂ − B̂Â

)
Ĉ + B̂

(
ÂĈ − ĈÂ

)
⇒

[
Â, B̂Ĉ

]
=
[
Â, B̂

]
Ĉ + B̂

[
Â, Ĉ

]
(c) [

ÂB̂, Ĉ
]

= ÂB̂Ĉ − ĈÂB̂ = ÂB̂Ĉ − ÂĈB̂ + ÂĈB̂ − ĈÂB̂ = Â
(
B̂Ĉ − ĈB̂

)
+
(
ÂĈ − ĈÂ

)
B̂

⇒
[
ÂB̂, Ĉ

]
= Â

[
B̂, Ĉ

]
+
[
Â, Ĉ

]
B̂

Townsend 3.8

Solution: For an operator Ĉ defined by [
Â, B̂

]
= iĈ ⇒ Ĉ = −i

[
Â, B̂

]
the Hermitian adjoint operator Ĉ† is given by

Ĉ† =
{
−i
[
Â, B̂

]}†
= (−i)†

[
Â, B̂

]†
= i
(
ÂB̂ − B̂Â

)†
= i

((
ÂB̂
)†
−
(
B̂Â
)†)

= i
(
B̂†Â† − Â†B̂†

)
= −i

(
Â†B̂† − B̂†Â†

)
⇒ Ĉ† = −i

[
Â†, B̂†

]
We can find

Ĉ† = −i
[
Â, B̂

]
= Ĉ

if and only if both Â and B̂ are Hermitian,

Â† = Â, B̂† = B̂

2. Townsend 3.9 and 3.10

Solution: Townsend 3.9

Recalling that the eigenvalue equation for Ŝx and Ŝy for a spin-half particle is

Ŝx |±X〉 = ± h̄
2
|±X〉 , Ŝy |±Y 〉 = ± h̄

2
|±Y 〉

for an eigenstate
|ψ〉 = |±Z〉

which can be expressed in terms of the x and y basis

|+X〉 =
1√
2

(|+Z〉+ |−Z〉) , |−X〉 =
1√
2

(|+Z〉 − |−Z〉)⇒ |±Z〉 =
1√
2

(|+X〉 ± |−X〉)

⇒ |ψ〉 = |±Z〉 =
1√
2

(|+X〉 ± |−X〉)
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and

|+Y 〉 =
1√
2

(|+Z〉+ i |−Z〉) , |−Y 〉 =
1√
2

(|+Z〉 − i |−Z〉)

⇒ |+Z〉 =
1√
2

(|−Y 〉+ |+Y 〉) , |−Z〉 =
i√
2

(|−Y 〉 − |+Y 〉)

⇒ |ψ〉 = |+Z〉 =
1√
2

(|−Y 〉+ |+Y 〉) or |ψ〉 = |−Z〉 =
i√
2

(|−Y 〉 − |+Y 〉)

we have 〈
Ŝx

〉
= 〈ψ| Ŝx |ψ〉 =

1√
2

(〈+X| ± 〈−X|) Ŝz
1√
2

(|+X〉 ± |−X〉)

=
1

2
(〈+X| ± 〈−X|)

[
h̄

2
|+X〉 ±

(
− h̄

2

)
|−X〉

]
⇒
〈
Ŝx

〉
=

1

2

(
h̄

2
〈+X| +X〉+

(
− h̄

2

)
〈−X| +X〉

)
= 0

〈
Ŝ2
x

〉
= 〈ψ| Ŝ2

x |ψ〉 =
1√
2

(〈+X| ± 〈−X|) Ŝ2
z

1√
2

(|+X〉 ± |−X〉)

=
1

2
(〈+X| ± 〈−X|)

[(
h̄

2

)2

|+X〉 ±
(
− h̄

2

)2

|−X〉
]

=
1

2

[(
h̄

2

)2

〈+X| +X〉+

(
− h̄

2

)2

〈−X| +X〉
]

⇒
〈
Ŝ2
x

〉
=
h̄2

4

〈
Ŝy

〉
= 〈ψ| Ŝy |ψ〉 =

1√
2

(〈+Y | ± 〈−Y |) Ŝy
1√
2

(|+Y 〉 ± |−Y 〉)

=
1

2
(〈+Y | ± 〈−Y |)

[
h̄

2
|+Y 〉 ±

(
− h̄

2

)
|−Y 〉

]
⇒
〈
Ŝy

〉
= 0

〈
Ŝ2
y

〉
= 〈ψ| Ŝ2

y |ψ〉 =
1√
2

(〈+Y | ± 〈−Y |) Ŝ2
y

1√
2

(|+Y 〉 ± |−Y 〉)

=
1

2
(〈+Y | ± 〈−Y |)

[(
h̄

2

)2

|+Y 〉 ±
(
− h̄

2

)2

|−Y 〉
]
⇒
〈
Ŝ2
y

〉
=
h̄2

4

Then the uncertainties becomes

∆Sy =

√〈
Ŝ2
y

〉
−
〈
Ŝy

〉2

=
h̄

2
,∆Sx =

√〈
Ŝ2
x

〉
−
〈
Ŝx

〉2

=
h̄

2
⇒ ∆Sy∆Sx =

h̄2

4

Noting that for
|ψ〉 = |±Z〉

we have 〈
Ŝz

〉
= 〈ψ| Ŝz |ψ〉 = ± h̄

2

so that
h̄
∣∣∣〈Ŝz〉∣∣∣

2
=
h̄2

4

Therefore, what we found is

∆Sy∆Sx =
h̄
∣∣∣〈Ŝz〉∣∣∣

2
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3. (a) Show that

〈ψ| Â
(
Â−

〈
Â
〉)
|ψ〉 = 〈ψ|

(
Â−

〈
Â
〉)2

|ψ〉 .

(b) Show that the quadrature operators

â1 =
Ô† + Ô

2
, â2 =

i
(
Ô† − Ô

)
2

, (1)

are Hermitian and any operator Ô.

Solution: (a)

〈ψ| Â
(
Â−

〈
Â
〉)
|ψ〉 = 〈ψ|

(
Â−

〈
Â
〉

+
〈
Â
〉)(

Â−
〈
Â
〉)
|ψ〉 = 〈ψ|

(
Â−

〈
Â
〉)2

|ψ〉+ 〈ψ|
〈
Â
〉(

Â−
〈
Â
〉)
|ψ〉

= 〈ψ|
(
Â−

〈
Â
〉)2

|ψ〉+
〈
Â
〉
〈ψ| Â |ψ〉 − 〈ψ|

〈
Â
〉2

|ψ〉 = 〈ψ|
(
Â−

〈
Â
〉)2

|ψ〉+
〈
Â
〉2

−
〈
Â
〉2

⇒ 〈ψ| Â
(
Â−

〈
Â
〉)
|ψ〉 = 〈ψ|

(
Â−

〈
Â
〉)2

|ψ〉 , (2)

(b)

â†1 =

(
Ô† + Ô

2

)†
=

(
Ô†
)†

+ Ô†

2
=
Ô + Ô†

2
= â1, (3)

â†2 =

 i
(
Ô† − Ô

)
2

† = −i


(
Ô†
)†
− Ô†

2

 = −i
(
Ô − Ô†

2

)
=
i
(
Ô† − Ô

)
2

= â2, (4)

4. Suppose we rotated the vector ~A = (Ax, Ay, Az) by an angle ϕ about the y-axis and found a new vector
~A′ =

(
A′x, A

′
y, A

′
z

)
. The projection of the vector ~A on the x-z plane makes an angle θ from the positive z-axis

(try to make 3D vectors visualization like the one in Fig.?? in my note). .Show that the rotation matrix is
given by

R (ϕj) =

 cos (ϕ) 0 sin (ϕ)
0 1 0

− sin (ϕ) 0 cos (ϕ)

 . (5)

5. Following the same approach we followed in class show that[
Ĵz, Ĵx

]
= ih̄Ĵy

Solution: Using

R (∆ϕi) =

 1 0 0

0 1− (∆ϕ)2

2 −∆ϕ

0 ∆ϕ 1− (∆ϕ)2

2

 , R (∆ϕk) =

 1− (∆ϕ)2

2 −∆ϕ 0

∆ϕ 1− (∆ϕ)2

2 0
0 0 1

 . (6)

we may write

R (∆ϕk)R (∆ϕi)

=

 1− (∆ϕ)2

2 −∆ϕ 0

∆ϕ 1− (∆ϕ)2

2 0
0 0 1


 1 0 0

0 1− (∆ϕ)2

2 −∆ϕ

0 ∆ϕ 1− (∆ϕ)2

2



=


(

1− (∆ϕ)2

2

)2

−
(

1− (∆ϕ)2

2

)
∆ϕ (∆ϕ)

2

∆ϕ
(

1− (∆ϕ)2

2

)2

−∆ϕ
(

1− (∆ϕ)2

2

)
0 ∆ϕ 1− (∆ϕ)2

2

 . (7)
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and for the reverse order rotation

R (∆ϕi)R (∆ϕk)

=

 1 0 0

0 1− (∆ϕ)2

2 −∆ϕ

0 ∆ϕ 1− (∆ϕ)2

2


 1− (∆ϕ)2

2 −∆ϕ 0

∆ϕ 1− (∆ϕ)2

2 0
0 0 1



=


(

1− (∆ϕ)2

2

)2

−∆ϕ 0

∆ϕ
(

1− (∆ϕ)2

2

) (
1− (∆ϕ)2

2

)2

−∆ϕ

(∆ϕ)
2

∆ϕ
(

1− (∆ϕ)2

2

)
1− (∆ϕ)2

2

 . (8)

There follows that

R (∆ϕk)R (∆ϕi)−R (∆ϕi)R (∆ϕk)

=


(

1− (∆ϕ)2

2

)2

−
(

1− (∆ϕ)2

2

)
∆ϕ (∆ϕ)

2

∆ϕ
(

1− (∆ϕ)2

2

)2

−∆ϕ
(

1− (∆ϕ)2

2

)
0 ∆ϕ 1− (∆ϕ)2

2



−


(

1− (∆ϕ)2

2

)2

−∆ϕ 0

∆ϕ
(

1− (∆ϕ)2

2

) (
1− (∆ϕ)2

2

)2

−∆ϕ

(∆ϕ)
2

∆ϕ
(

1− (∆ϕ)2

2

)
1− (∆ϕ)2

2



=

 0 (∆ϕ)3

2 (∆ϕ)
2

(∆ϕ)3

2 0 (∆ϕ)3

2

− (∆ϕ)
2 (∆ϕ)3

2 0

 (9)

Since we can make our rotation as small as we want to, we can set (∆ϕ)
3 ' 0. This leads to

R (∆ϕk)R (∆ϕi)−R (∆ϕi)R (∆ϕk) =

 0 0 (∆ϕ)
2

0 0 0

− (∆ϕ)
2

0 0


Suppose if one make a rotation by an angle of ∆ϕ′ = (∆ϕ)

2
, in a counterclockwise direction about the y axis,

the rotation matrix can be written as

R
(

(∆ϕ)
2
j
)

=


cos
(

(∆ϕ)
2
)

0 sin
(

(∆ϕ)
2
)

0 1 0

− sin
(

(∆ϕ)
2
)

0 cos
(

(∆ϕ)
2
)
 '

 1− (∆ϕ)4

2 0 (∆ϕ)
2

0 1 0

− (∆ϕ)
2

0 1− (∆ϕ)4

2

 (10)

'

 1 0 (∆ϕ)
2

0 1 0

− (∆ϕ)
2

0 1

 =

 0 0 (∆ϕ)
2

0 0 0

− (∆ϕ)
2

0 0

+

 1 0 0
0 1 0
0 0 1

 (11)

⇒

 0 0 (∆ϕ)
2

0 0 0

− (∆ϕ)
2

0 0

 = R
(

(∆ϕ)
2
j
)
− I (12)

where

I =

 1 0 0
0 1 0
0 0 1

 ,
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is the identity matrix. One can then rewrite

R (∆ϕk)R (∆ϕi)−R (∆ϕi)R (∆ϕk) =

 0 0 (∆ϕ)
2

0 0 0

− (∆ϕ)
2

0 0

 = R
(

(∆ϕ)
2
j
)
− I

and it can be put in terms of the corresponding operators in the form

R̂ (∆ϕk) R̂ (∆ϕi)− R̂ (∆ϕi) R̂ (∆ϕk) = R̂
(

(∆ϕ)
2
j
)
− Î . (13)

We recall that these operators (for spin-one particles like a photon) in terms of the rotation generators can be
expressed as

R̂ (∆ϕi) = e−i
Ĵx
h̄ ∆ϕ = Î − i Ĵx

h̄
∆ϕ+

1

2

(
Ĵx
h̄

∆ϕ

)2

...,

R̂ (∆ϕk) = e−i
Ĵz
h̄ ∆ϕ = Î − i Ĵz

h̄
∆ϕ+

1

2

(
Ĵz
h̄

∆ϕ

)2

...,

R̂
(

(∆ϕ)
2
j
)

= e−i
Ĵy
h̄ (∆ϕ)2

= Î − i Ĵy
h̄

(∆ϕ)
2
...⇒ R̂

(
(∆ϕ)

2
j
)
− Î = −i Ĵy

h̄
(∆ϕ)

2
... (14)

so that the commutation relation becomesÎ − i Ĵz
h̄

∆ϕ+
1

2

(
Ĵz
h̄

∆ϕ

)2

...

Î − i Ĵx
h̄

∆ϕ+
1

2

(
Ĵx
h̄

∆ϕ

)2

...


−

Î − i Ĵx
h̄

∆ϕ+
1

2

(
Ĵx
h̄

∆ϕ

)2

...

Î − i Ĵz
h̄

∆ϕ+
1

2

(
Ĵz
h̄

∆ϕ

)2

...


= −i Ĵy

h̄
(∆ϕ)

2
.... (15)

The zero and first order in ∆ϕ cancel out and keeping only up to the second order in ∆ϕ on the left side of
this equation, one can easily find[

−i Ĵz
h̄

∆ϕ

][
−i Ĵx

h̄
∆ϕ

]
−
[
−i Ĵx

h̄
∆ϕ

][
−i Ĵz

h̄
∆ϕ

]

= −i Ĵy
h̄

(∆ϕ)
2 ⇒ ĴzĴx − ĴxĴz = ih̄Ĵy ⇒

[
Ĵz, Ĵx

]
= ih̄Ĵy.
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