Graphing and Uncertainty Example

Two key skills that you are expected to learn in the lab part of this course are the ability to use graphical techniques to display and analyze data and the determination of the uncertainty in experimentally measured quantities. The following example is a bit contrived but demonstrates the essential elements that you will use repeatedly in the lab experiments.

Problem: You are given a series of 6 different-sized circular hoops and a sheet of fine mesh graph paper just slightly larger than the diameter of the largest hoop. Using these two items only (no rulers or other measuring devices) determine a value of . Explain the mathematical model that you assume and show that it correctly describes the data that you acquire.
Method:  In the lab you would be expected to come up with a procedure to realize a solution of the problem. There may be more than one method—you should strive to use the best technique possible. In this case you decide that by placing the hoop on the graph paper you can find the area, A, enclosed in the hoop by counting squares. You can also find the diameter, d, by counting the number of square widths across the center of the hoop. To use this method you require a mathematical model that relates these two quantities. I sure hope that you know that the area of a circle is given by
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where r is the radius of the circle. Rewriting this in terms of d gives
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This relation represents your mathematical model relating A and d. 

Data: You take a set of data for the area and diameter of each of the hoops as shown in the table below. Whenever you measure a quantity you must estimate the uncertainty in that measured value. You also need to specify the units for the measured quantity. In this case because we do not have any conventional measuring device like a ruler the units are the width of a square of the graph paper for diameter and the number of whole squares enclosed for the area. Here is some data:
	Diameter, d 

(square widths)
	Uncertainty, d

(square widths)
	Area, A

(squares)
	Uncertainty, A

(squares)

	10
	1
	76
	3

	15
	1
	175
	4

	20
	1
	315
	4

	25
	1
	492
	5

	30
	1
	709
	5

	35
	1
	960
	5


Analysis: How do we use this data to both determine  and to verify our mathematical model? We could use each data point to determine a value of , but that would just give us 6 separate values of  with no real way to deal with the differences. It would also not tell us if our model was valid. The key insight is that we want to display the data graphically and use the graph to determine  and to show that our model is valid. In this case, as in many others throughout the semester we want to create a linear graph. Based on our mathematical model 
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how could we plot the data in order to give a straight line graph? If we plot A versus d will we get a linear graph? Nope. But if we plot A versus d2 we will get a linear graph! This technique to linearize experimental data will crop up repeatedly throughout the semester; make sure you understand this simple, but important, concept. If we plot A on the y-axis and d2 on the x-axis what will be the slope and intercept of the graph? Remember the mathematical formula of a generic straight line graph is
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Our plot is: 
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By simple comparison we see that A is the y variable, d2 is the x-variable, and thus m, the slope, is whatever multiplies the x variable in this case /4. The value of the y-intercept b in this case is zero.

Graphs: Here are two graphs of the data. The first is just A versus d. Clearly it is nonlinear.
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The second graph is A versus d2. We have used Excel to plot the graphs—as you will be expected to do for your lab graphs. In the second graph we have used the Excel Trendline feature to determine the best fit straight line through the data and find the slope and intercept.
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The slope is 0.7866—what value does this imply for ? From our model we said that the slope would be /4, thus = 4 x slope = 4 x 0.7866 = 3.1464. Now you may know that this is close but not exact. How accurate is this value? Using our estimated uncertainties we will be able to calculate the correct decimal place at which to terminate the experimental value.
Uncertainty Calculation: Rearranging our mathematical model shows that 
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To calculate the uncertainty in  we need to account for how it depends on the uncertainty in the variables we measured in the experiment, namely A and d. Clearly because it depends on 1/d2 it will depend more critically on d than on A. We account for this difference by using the method of total differentials. We can form the differential of the equation—in the first term we assume that d remains constant and in the second that A remains constant.
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I will go over this calculation in class—make sure you know what to do.  It’s calculus folks! A and d are the values of our estimated uncertainties;  is the estimated uncertainty in our experimental value of . The last subtlety is that the uncertainties can add or cancel as A and d can be positive or negative. The average effect is achieved by taking the root square of the error terms.
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Using values from a middle point of our data set d = 25, d = 1, A = 492, A = 5 gives = 0.267. Note that this is an uncertainty value in our measured value of p. There is no merit in giving decimal places on an uncertainty! We would write this as = 0.3. Our final experimental value of  would be written = 3.1 ± 0.3. Never give decimal values past the uncertainty value—it makes no sense as you have set the decimal that can vary.
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